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Abstract 

Recently bulk Randall-Sundrum theories with the gauge group SU(2)l x SU(2)r x U(1)b-l 
have drawn a lot of interest as an alternative to electroweak symmetry breaking mechanism. These 
models are in better agreement with electroweak precision data since custodial isospin symmetry 
on the IR brane is protected by the extended bulk gauge symmetry. We comprehensively study, in 
the S 1 /7*2 x orbifold, the bulk gauge and fermion fields with the general boundary conditions 
as well as the bulk and localized mass terms. Master equations to determine the Kaluza-Klein 
(KK) mass spectra are derived without any approximation, which is an important basic step for 
various phenomenologies at high energy colliders. The correspondence between orbifold boundary 
conditions and localized mass terms is demonstrated not only in the gauge sector but also in the 
fermion sector. As the localized mass increases, the first KK fermion mass is shown to decrease while 
the first KK gauge boson mass to increase. The degree of gauge coupling universality violation 
is computed to be small in most parameter space, and its correlation with the mass difference 
between the top quark and light quark KK mode is also studied. 
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I. INTRODUCTION 



The origin of electroweak symmetry breaking (EWSB) has still remained to be explored by 
experiments. In the standard model (SM), EWSB occurs spontaneously as the Higgs field 
develops vacuum expectation value (VEV). This Higgs mechanism is, however, regarded 
unsatisfactory since the Higgs potential is introduced just for the purpose of EWSB itself. 
Furthermore it is extremely unstable against radiative corrections and thus UV physics, 
creating the so-called gauge hierarchy problem. Most of models for new physics beyond 
the SM pursue more natural EWSB mechanism. According to symmetry breaking coupling 
strength, new models are divided into two classes: One is a weakly coupled theory with a 
high cut-off scale and the other is a strongly coupled theory jlj|. 

Recently it is shown that these two different classes can be related by AdS/CFT duality 
0,0, 0|: A four-dimensional (4D) theory with a strongly coupled sector conformal from the 
Planck scale to the weak scale is dual to a 5D weakly coupled Randall- Sundrum model-1 

(rsi) 0,fly,y,Q. The RSI model has one extra spatial dimension of a truncated AdS 

space, the orbifold of 5' 1 /Z 2 x Z' 2 without the assumption of periodic boundary condition. 
The fixed point under Z 2 parity transformation is called the UV brane and that under Z 2 



parity the 
TeV brane 



R brane. In the original RS scenario, all the SM fields are confined on the 



6] 



Since a localized field in the 5D theory is dual to the TeV-scale composite 
in the strong sector of the 4D theory, the phenomenological aspects of a localized field 
depend sensitivelyon the unknown UV physics. This feature aroused great interest in bulk 
RS theories fl £j y U y y Q. As wea kly coup.eo effective field theo.es, the. 



phenomenological implications become more reliable. For exam 



e it is 



21 



22 



'easible to discuss 



23, 
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the RG running of gauge couplings and their unification 
To solve the gauge hierarchy problem, however, the Higgs field should be localized on the 
IR-brane. 

A naive extension of the RSI model by releasing the SM gauge and fermion fields in the 



bulk, however, has troub 
Takeuchi T parameter (28 



es with electroweak precision data, particularly with the Peskin- 



29|,|30|. This problem is attributed to the lack of isospin custodial 



symmetry. Recently a bulk gauge symmetry of SU{2)r has been added, which is used to 



restore a gauge version of custodial symmetry in the bulk 



31 



321 ]. Another rather radical 



solution to EWSB in this framework is the Higgsless theory: The gauge symmetry breaking 
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is due to non-trivial orbifold boundary conditions. Non-zero S M g auge boson masses are 



33. 



From the AdS/CFT 



nothing but the first Kaluza-Klein (KK) mode mass 
correspondence, we can interpret this model as a dual of a technicolor model. 

Both models with 3lJ and without j3] a Higgs boson incorporate two kinds of new 
ingredients in the phenomenological view point. First, we have new gauge fields W R of 
SU(2)r, introduced for the custodial isospin symmetry. At high energy colliders, they 
appear as KK excitations with TeV scale masses since the Z 2 x Z' 2 parity of is not (++). 
Secondly, new bulk fermions are also required. The SU(2)ji symmetry, which promotes 
the SM right-handed fermions to the doublets, is broken by the UV orbifold boundary 



31(, for example, W i 



conditions: in the Agashe-Delgado-May-Sundrum (ADMS) model 
fields have definite (— +) parity; the SM right-handed up quark with (++) parity should 
couple with a new right-handed down-type quark with ( — h) parity for Z 2 x Z' 2 invariant 
action. 

Since the bulk RS models with custodial isospin symmetry are compatible with elec- 
troweak precision data, its phenomenological probe should await experiments at future col- 



liders 



ecision data, its pnenomenological ] 

0, y, y, 41, 42, 0, q Q- 



Exact KK mass spectra of the bulk gauge 



boson and fermion are of great significance. In the ADMS model where the Z 2 x Z' 2 parity 
is conserved at tree level, for example, the decay of new gauge bosons with ( — h) parity into 
the SM particles with (++) parity can be limited and thus long-lived. We will derive, with- 
out any approximation, master equations for the KK masses particularly with the general 
localized mass terms. Special focus is on the KK masses of the top quark, on which the effect 
of the localized Yukawa coupling is significant. Contrary to the gauge bosons case, the first 
KK mode mass of top quark decreases with increasing top Yukawa coupling. We will also 
suggest a phenomenologically dramatic case, called the KK mode degenerate case, where 
the first and second KK masses of fermions are degenerate without the localized Yukawa 
coupling. Another interesting feature of this case is that the mass drop of the first KK mode 
by the localized Yukawa coupling is maximized. It is very feasible, therefore, that the first 
signal of KK fermion comes from the top quark mode. 

It is also worthwhile to distinguish the role of UV-brane localized VEV (parameterized by 
a dimensionless parameter a uv ) and that of IR-brane localized VEV (parameterized by a IR ) 
in the generation of the zero-mode mass of a gauge boson with (++) parity. Generically 
either a uv or a IR generates TeV scale mass for the zero mode, which would vanish with 
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a uv = a m = 0. We will show that quite different is the way to generate the zero mode mass: 
a m gradually increases the zero-mode mass, while even small a uv (but larger than about 
10~ 15 ) lifts up the zero-mode mass to TeV scale at one stroke. 

Another interesting issue is the theoretical relation between the Higgsless model and 
the ADMS model. This correspondence in the gauge sector was pointed out in Ref. 
Similar correspondence in the bulk fermion sector is deserved to study also. Based on the 
exact formulae of KK masses, we will show that the bulk fermion field with non-trivial 
orbifold boundary conditions in the Higgsless theory can be understood through the VEV of 
a localized scalar field. This will complete the understanding of orbifold boundary conditions. 

Inevitable deviation of gauge coupling unification, denoted by 5gwtb, shall be studied. 
We will focus on its correlation with the top quark mass spectra. If this correlation is strong 
enough, it can be a valuable information since the magnitude of Sgwtb in most parameter 
space is too small to be probed at hadron colliders. Restricted to the KK mode degenerate 
case, we will show a significant correlation between the Sg and the top quark KK mode mass 
relative to light quark KK mode mass. 

This paper is organized as follows. In Sec. |Hl we give the general setup for the bulk 
gauge boson. By solving wave equations with the brane localized mass terms, we derive the 
master equations for the KK masses. The interpolation between the ADMS model and the 
Higgsless model are to be understood as a consequence of master equations in a limiting 
case. Some numerical values of KK states are also presented. Section IHII deals with the 
KK masses of a bulk fermion without the brane localized mass term. More delicate case 
with the brane localized Yukawa coupling is considered in Sec. IIVI The possibility of gauge 
coupling universality violation is also studied in Sec. El which arises due to the deviation 
of KK zero mode functions by brane localized masses. In Sec. IVI1 we present the summary 
and conclusions. 

II. BULK GAUGE BOSONS 

We consider a gauge theory in a five- dimensional warped spacetime with the metric given 

by 

dsl = g MN dx M dx N = e~ 2 ^ (dt 2 -dx 2 )- dy 2 , (1) 



4 




FIG. 1: The S 1 /Z 2 x Z' 2 orbifold. 

where ty is the fifth dimension coordinate and a(y) = k\y\. The theory is to be compactified 
on the S ,1 /Z 2 x Z' 2 orbifold, which is a circle of radius r c with two reflection symmetries 
under Z2 : y — > — y and Z 2 : y' — » — y' {y' = y — 7rr c /2) as depicted in Fig. ^ Often the 
conformal coordinate of z = e°"/A; is useful: 

1 



(fcz) : 



( dt 2 _ dx 2 - Ciz 2 ) 



(2) 



Since 7/ is confined in < y < L (L = nr c /2), z is also bounded in 1/k < z < 1/T. Here 
T is the effective electroweak scale, defined by T = e~ kL k = ek. With fcL ~ 35, the warp 
factor e(= e~ kL ) reduces T at TeV scale from k at Planck scale: With this scaling the gauge 
hierarchy problem is answered. The space of S' 1 /Z 2 x Z' 2 accommodates two fixed points, 
the Z 2 fixed point at z vv = 1/k (called the UV brane) and the Z' 2 fixed point at z m = 1/T 
(called the IR brane). 

The action for a 5D U(l) gauge field is 



Sgauge = / d^xdzvG 



-~ A 9 MP 9 m 



FmnFpq + -M 2 g MN A M A N 



(3) 



where G is the determinant of the AdS metric, Fmn = 9m An — On Am- The general mass 
term M 2 (z), including the case where the gauge symmetry is broken in the bulk, is 



M\z) = a 2 k 8{z - z vv ) + a 2 k 5{z - z m ) + b 2 k 2 



(4) 



where the dimensionless b and a uv (a IR ) parameterize the bulk mass and the localized mass 
on the UV (IR) brane, respectively. Note that b breaks the gauge symmetry. 



The KK expansion of the dimension 3/2 field A M (x, z) is 



(5) 



where the mode function f^\z) is dimensionless. With the following equation of motion 

>2 



- ,8, ( ifiltf >(*)) + ^tf>« = mW'W. 



and the normalization of 



dz {n) (m) 



(6) 



(7) 



the action in Eq. (jHJ) describes a tower of massive KK gauge bosons: 

S gaug c = E / ^ \-\v w V VK F$F$ - mfrTA^AiA , (8) 

n J L 

where F^/ = d^Av — d v A^ . The general solution of Eq. © in the bulk (z vv < z < z m ) is 



N 



JJm i : ) z) + P { ; ) YJrn i : ) z) 



(9) 



where v = y/1 + b 2 and is determined by the normalization condition in Eq. Q. 

Boundary conditions on the two branes specify the constant f}^ . If the mode function 



Ia\ z ) h as ^2- or Z 2 -even parity, Neumann boundary condition applies as 



df. 



(n) 



dz 



UV, IR 



(10) 



where Puv — 2, and Pjr = 1. The sign difference between the UV and IR brane is due to the 
directionality of the derivative at the boundary points. Here physics is essentially similar to 
the case where the electric field near the conducting boundary is determined by the charge 
localized on the conducting plane. For Z 2 - or Z 2 -even function, the (3^ coefficient is 

-(-l)^f + 1 - „) J u (m^z t ) + m^z^im^z,) 



- B {n) I 

HA I even 



If the function has Z 2 - or Z' 2 -odd parity at the corresponding boundary, the Dirichlet 
boundary condition applies as 



-(-l) p 4 + 1 Y v (m%\)+m%\Y v - 1 (m% ) z i ) 
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R N {a u v, m { 2'zi). 



An) 
J A 



0. 



(12) 



Their (3 { A h s arc 

-Pa ~ - , ( n) - = k d{v, m A Zi). {13) 

Note that the Dirichlet boundary condition is independent of the localized mass term a uv IH . 
In the S 1 /Tj2 x Z 2 orbifold, four different Z2 x Z 2 parities are possible as (++), (H — ), ( — h) 

and ( ). Since two boundary conditions doubly constrain a single constant j3 A n ^ coefficient, 

the KK mass m A is determined by the following master equations: 

• (++) : R N {a vv ,v,m>2 z uv ) = #jv(«W, u,m { A 'z m ) : (14) 

• (+-) : fljv(a„v,^4" )z Dv) = Ro^^m^z^), (15) 

• (-+) : R D iy,m^ z^) = i?iv(a IR , ^m^^), (16) 

• ( ): ^(^m^uv) = ^(^m^iR)- ( 17 ) 

From the functional forms of Rn and Rp, the Z 2 x Z' 2 parity can be understood through 
the effect of large localized Higgs VEV. In the large a, limit, Rn approaches Rd- 



Um Rs{ ^ m ^ Um -'-"t^V ^^',). (!8) 



This happens because the 5D wave function is expelled by large VEV of the localized Higgs 
field. In the large limit, therefore, the KK masses of the Z2- or Z 2 -even gauge field become 
identical with those of Z 2 - or Z' 2 -odd field. For example, the KK masses of a (++) gauge 
field with large the same as that of a ( — h) field without localized mass. Usually 

this behavior is expressed that the (++) gauge field mimics ( — V) field. Similarly, the (++) 
gauge field with large a IR mimics the (H — ) field; the (++) field with both large a uv and a IR 
mimics the ( — ) field. Figure 121 summarizes all the correspondences. These relations could 
be interpreted as the origin of the interpolation between the ADMS model and the Higgsless 
model in the AdS dual picture. 

For the numerical calculation, we assume the bulk mass parameter b to be zero. In Fig. 01 
we present the KK masses of a bulk gauge boson in unite of T without any localized masses, 
= 0. The RS metric alone determines the KK mass spectra. It is clear that 
only the bulk gauge boson with (++) parity allows zero mode. A remarkable feature is the 
substantially light mass of the first KK mode with (H — ) parity. With T ~TeV, rn A ( + _\ can 
be of order 100 GeV. Since the (H — ) parity mode is equivalent to the (++) parity mode in 
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(— ) 



FIG. 2: Diagram shows relationship between different boundary conditions by dialing vacuum 
expectation value of localized Higgs fields. This is the underlying physics in the interpolation 
between the theories of gauge symmetry breaking by a localized Higgs field and by a technicolor- 
like strong dynamics in the AdS dual picture. 
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FIG. 3: Kaluza-Klein masses of a bulk gauge boson in unit of T when b = a uv = a IR = 0. 

the limit of large a m , this feature suggests the possibility of the gauge symmetry breaking 
by orbifold boundary conditions without the Higgs mechanism. Numerically we have 

(19) 



(1) 


-+) 


« 2.45 T, 


(2) 


-+) 


« 5.57T, 


(3) 

m A(++) " 


a 8.70 T, 


(1) 


-) 


« 0.24 T, 


(2) 


-) 


« 3.88 T, 


(3) 

m A(+-) " 


a 7.06 T, 


(1) 
m A(- 


-+) 


« 2.40 T, 


(2) 


-+) 


« 5.52 T, 


(3) 

m A{~+) " 


a 8.65 T, 


(1) 

m 4- 


-) 


» 3.83 T, 


(2) 


-) 


« 7.02 T, 


(3) 

) ? 


a 10.17T. 



If the SM gauge symmetry of SU(2)l x ?7(1)y is spontaneously broken by the localized 
Higgs VEV, the value of oir becomes non-zero. Figure |U shows, as functions of a m , a few 



S 



lowest KK masses of a bulk gauge boson with (++) parity. In the small oir limit, the zero 
mode KK mass increases gradually with a m . As aiR becomes large, the rise of KK masses 
is saturated, eventually into the KK masses of (H — ) parity modes. 



3 




am 



FIG. 4: The lowest a few KK masses of a bulk gauge boson with (++) parity for varying ajR. At 
large oir limit, we can easily see the masses are saturated. 



When the UV brane mass parameter a uv turns on, however, the rise of zero mode mass 
with the a uv is not gradual even in the small a uv limit. To be specific, let us focus on the 
master equation for the (++) gauge field in Eq. ((Hj) with a m = 0. Denoting the KK mass 

/„\ /„\ /„\ 

in unit of T by x\ 



(n) 

J A 



/T, x^' is the solution of 



» 



Jq( x a\ 



I 2 



(<>) 



"Miex^) + ex%%(ex% 



2>)' 

X A 



(20) 



In order to 



whose the right-handed side in the limit of e 1 is (—1/4 + l/a^ v ) e 
avoid another hierarchy in the theory, even small a uv is assumed larger than e = T/k ~ 
10 -15 . Then the right handed side of Eq. ()20|) is technically zero, and the a uv -dependence 
disappears. As soon as the a uv above 10 -15 turns on, the KK masses of the (++) gauge 
field jump into those of the ( — h) field. In summary, the SM gauge bosons mass in the AdSs 
background can be generated either by orbifold boundary conditions or by the IR-brane 
localized Higgs VEV. 
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III. BULK FERMION FIELD WITHOUT THE LOCALIZED MASS 



In 5D spacetime, the Dirac spinor is the smallest irreducible representation of the Lorentz 
group. Its 5D action is 



5*, 



fcrmion 



d xdyvG 



(21) 



where e A A = diag(e <J , e CT , e a , e a , 1) is the inverse fiinfbein, T— = (7^, 175), s/G = e~ 4cr , and 
{Tm_, Tn_} = 1r\M_N_ = 2diag (+,—,—,—, —). In order to make good use of the Z 2 x Z 2 
parity, we employ the extra dimensional coordinate y in Eq. (JIJ). With the redefinition of 
\1/ = e~ 2<J \l/ and the relation of d y ty = e 2a (2a' + d y )ty, the action can be simply written by 



S 



fcrmion 



d 4 x dy 



(22) 



Under the Z2 orbifold symmetry, a bulk fermion has two possible transformations of 



75*±(z,-y) = ±*±(x,y). 



(23) 



To understand this Z2 symmetry more easily, we decompose the bulk fermion in terms of 
KK chiral fermions: 



n 

When *&(x, y) is even under Z2, for example, fj/ is odd while f R n ^ is even: 

/i B) (-i/) = -/i n) (y), f { n\-y) = f { n\y)- 



(24) 



(25) 



Similar arguments for Z' 2 symmetry can be made. Therefore, the Z2 x Z 2 parity of is 
always opposite to that of ^ R . 

Another tricky problem arises when dealing with a bulk fermion in a finite interval. To 
confirm the variational principle, we separate the action into the bulk term (Sb) and the 
boundary term (Sqb): 



S 



B 



d 4 xdy 



SdB 



d 4 x 



y L y R - q R y L 



(26) 



(27) 
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Since Dirac mass term in Eq. (|26|) is Z2 x Z' 2 -odd, we define mo = ca'(y) = cksign(y). 
Considering both boundaries, a(y) is a periodic triangle wave function and thus sign(y) is a 
periodic square wave function. 
With the normalization of 



Jo 

and the equations of motion of 



a An) An) 

-d y } L - m D f L 



(28) 



(29) 



the bulk action in Eq. ()26|) becomes the sum of KK fermion modes: 

S cS = [d*xJ2 [^ B Vwi B) +^V^i n) -mMtfZVf +^r¥l ) ) 
The equations of motion in the conformal coordinate z = e a ^ /k are 



(d z + -) ft ) = (d z - £) /W = ,(»»/ 



(n) f (n) 



which yield the general solutions of 

,(n)/ - 



/re*) 



/i n) (^) 



iV; 



(n) 



,(n). 



iV; 



(n) 



it 1 



(30) 



(31) 



(32) 



Special properties of the Bessel function and the boundary condition lead to the following 
simple relations: 



a(n) _ n(n) 
Pl — Pr j 



A/ 



(n) 



-N 



(n) 
R 



(33) 



This is because either or /jj is an continuous odd function which vanishes at the 



boundary. For example, consider the case where is odd. With Eq. (J31j) . we have 



f. 



(n) 
i? 



(n) 



0. 



(34) 
(35) 
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Equation (J53j) leads to (3^ 
of 



7.W 



(^-f)/i B) w 



(») 



A/ 



. Due to the Bessel function relation 



(36) 



L 

m (n) 



N 



(n) 



J c+1 (m^z)+(3fY c+1 (m^z) 



R 



Eq. (jHHJ yields 



pin) 



c ~l l fc j _ o(n) 
Mil ■ 



(37) 



It is clear that N 



(n) 



A^ n) from Eq. M. 



Without the localized fermion mass, KK masses of a bulk fermion depend on its Z 2 x Z' 2 
parity and the bulk Dirac mass parameter c. Under the Z 2 x Z 2 symmetry, a generic 5D 
bulk fermion can have the following four different transformation property: 

(38) 
(39) 
(40) 
(41) 

where the Z 2 x Z' 2 parities are denoted by (PP r ) in frp P ,y Note that the P (P r ) of is 
opposite to that of f-^. 

With Eq. (j22J), the mode functions are 



*1 


[x,y) 


= Vk^S 

n 








-)(y)] , 


^2 


fay) 




K X )f 2 L{ 


-)(y) + 4i 


^ X )f 2 R( 


++)&)]> 


*3 


[x,y) 


u 


»ft L \ 


+ -)(y) + 4t 




- +) (y)], 


^4 


[v,y) 













(n) 



4_ 1/2 ( m f'z) + #^_ 1/2 ( m f»,) 



(42) 



The coefficient is fixed by the fact that a Z 2 (Z' 2 )-odd function vanishes at the corre- 



sponding boundary. For example, the ffy ^ and f 2 L( ) vanish at both UV and IR branes, 

which doubly constrain the (3, 



(*). 



{ n) _ 4-i/2(m (B) A) _ J Cl - 1/2 (m^/T) 



01 



Y 01 - 1/2 (mW/k) F cl _ 1/2 (mW/T) 
J C2+ i/ 2 (m (n) A) J C2+1/2 (mW/T) 



Y C2+1/2 (m^)/k) F C2+1/2 (mW/T) 



(43) 
(44) 
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Similarly we have 



4 n) 



J C3 -i/2(mW/fc) 
Y C3 _ 1/2 (mW/A;) " 

Jc 4 +i/ 2 (m(")/fc) 
> C4+ i /2 (mW/fc) = 



J C3+1/2 (mW/T) 
F C3+1/2 (mW/T) ' 
J C4 _ 1/2 (mW/T) 
V C4 _i/ 2 (mW/T) ' 



(45) 
(46) 




FIG. 5: KK mass spectra of a bulk fermion ^ j in unit of T as a function of the bulk mass parameter 
c. The Z 2 x parities of each fermion is described in the text. 

In Fig. we present the KK masses of a bulk fermion in unit of T as a function of the 
bulk mass parameter c. It is clear that \&i(D \I/^ + ' > ) and ^ 2 (D ^ f 2 ^ + ' 1 ) can accommodate zero 
modes. An unexpected feature is that the zero mode mass of ^3 (^4) can be considerably 
light for c 3 > 0.5 (c 4 < -0.5). 



IV. BULK FERMION WITH YUKAWA INTERACTION ON THE BRANE 

The accommodation of the SM fermions in the bulk RS theories has some delicate features. 
First a single SM fermion with left- and right-handed chirality should be described by two 
5D Dirac fermions. For example, the left-handed up quark is to be described by the ^1 
type while the right-handed up quark by the \l/ 2 type. Another interesting problem is the 



generation of light and realistic masses for the SM fermions 



3- 



Even though the KK zero 



modes are good candidates for the SM fermions, their zero masses should be lifted only a 



13 



little. In the ADMS model, the localized Higgs VEV plays this role without explicit breaking 
of gauge symmetry • Different strengths of Yukawa couplings can explain diverse mass 
spectrum of the SM fermions as in the SM. In the Higgsless model, it is also possible to get 
realistic SM fermion masses by boundary conditions [35j . Unfortunately the basic set-up 
is somewhat complicated for each SM fermion: A 4D gauge invariant Dirac mass is to be 
introduced, which is localized on the IR brane and mixes the and ^2 types; a new 4D 
Dirac spinor, localized on the UV brane, is also required to mix with the ^2 type fermion. 

For simplicity, we consider the case where SM fermion masses are generated by the 
localized Yukawa couplings between two fermion fields of and ^2- The five-dimensional 
fermion action is 

-L 



s 



fcrmion 



d x I dy 





(47) 



where Y^=i * s assumed for repeated index i. The Yukawa interaction localized on the IR 
brane couples the with ty 2 '- 



S 



Yukawa 



d 4 xdy\ v (*i*2 + *2^i J S(y - L). 



(48) 



Here, = X^(H) /T, X 5 is the 5D dimensionless Yukawa coupling and H(x) is a canonically 
normalized Higgs scalar defined by H(x) = eH 5 (x). The 5D total action becomes S^d = 

5fermion ^Yukawa- 

To simplify S$d, a technical problem arises as the Dirac delta function is positioned at 
y = L while the ^-integration range is in [0, L] 35]. We regulate this by using the periodicity 
of S 1 space and dividing the integration into 



5D 



L-e 



dy S. 



AD 



L+e 



dy S^d = S'buik + Sq. 



(49) 



'0 * J L-e 

For a small positive e, Sbuik is well-defined, given by 

-L-e 



5, 



bulk 



/ dy 



Vi {e^Ydf, - j 5 d y + m iD ) ^ 



(50) 



where f(x)\ b a = f(b) - f(a) and S d is 



S* 



d x 



L+e 



1 , n> 



dy ^a 5 d y ^i - - X v [ y 1 V 2 + 2 tf 



r) I — a — o 1 J ~"y * I rt ' ' 4*1 

* -IL-e 1 



+ 7 $ 4 7s$, 

y=L 4 



L+e' 
L-e 



(51) 
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The absence of the localized fermion mass on the Planck brane guarantees the continuity 
of the mode functions at y = 0: 



Furthermore the Z 2 -oddity of ^75^^ implies 

L+e 
L-e 



0. 



y=0 



2 * i7 5*, 



y=L-e 



(52) 



(53) 



Equations and (J53)l give rise to the cancelation between the last terms of Eqs. (|5U|l and 
ASH - Therefore, the Sbuik is 



5, 



bulk 



L-e 



dy e a (y iL i^d^ iL + ^7^^) 



(54) 



-^i L (d y - m iD )^ iR + V iR (d y + m iD )V iL 



More comments on simplifying Sq are in order here. The Z 2 -even parity of and 
^2i? guarantees the continuity at y — L, which eliminates the infinitesimal integration of 
\E f i^7 5 9j / \l/ii and ^2l75^^2_r in Eq. (joTj) . On the contrary, the presence of Yukawa term 
hints the discontinuity of Z 2 -odd ^/\r and ^2L sA y = L. Nevertheless at y — L the values of 
Z 2 -odd functions can be assigned zero, which is possible by set ting zero the y = L boundary 
value of periodic sign(y) function in the bulk Dirac mass term 46j. Among Yukawa terms in 
Eq. (jSIJ, therefore, (^ir^2L + h.c.)\ y= L vanishes. Finally integration by part and Eq. (|53|) 
simplifies Sq as 



Sa 



d x 



y=L 



• (55) 
gives 



y=L-e 

The variation of SWik gives equations of motion for bulk fermions, while Sq 
boundary conditions. 

Without Yukawa terms, \Pi and ^2 have their own KK mass spectra, determined by the 
bulk Dirac mass parameter q. As the Yukawa couplings turn on between and ^2, V'il 
and ip^ mix with ifj^x and V^r; respectively. Denoting the KK mass eigenstates by XLjiiv) 
the KK expansion of the bulk field is 



(n) 



With the modified normalization of 

-L 



5> 

i=l,2 







=1,2 



dv e u f (n) f (m) - 

a V e JiR JiR — °n 



(56) 



(57) 
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and the equations of motion of 



L ; 



(58) 



the 4D effective action consists of the KK fermions: 



5 ei r - d x \Xl l l v^Xl + Xr l TOfiXR ~ m \Xl Xr + Xr Xl 



(59) 



The general solutions of Eq. (josj) are the same as Eq. 

The substitution of Eq. (J56j) into Sg = with the continuity of Z' 2 -even functions at 
y = L, we have 

■^tj r.(n) I -fml , A, 



An), _ ,(n), ,(n), 

JlR \y=L-e — 2 \y=L ■, J 2L \y=L-e 



)v An), 
O JIL \y=L- 



(60) 



In the followings, we will ignore infinitesimal e and consider only z coordinates. Finally we 
have all boundary conditions at z uv = 1/k and z m = 1/T: 

A, 



An) 
JlR 



J2i 



(n) 



2L 



n f (n) 



j. 9 



r, ./2.R 



0, Hl 



(n) 



X , (n) 

2 Jli 



-i 2 

T 



0, 



J- 2 



At z = the relations are the same as the case of X v = 0, yielding 



(61) 
(62) 
(63) 
(64) 



Pr = m = p 



Y 



— M2L ~~ l J 2R ' 



Y 



i m(") - 

C2 + |v fe 



(65) 



As in the previous section, the normalization factors of the left-handed and right-handed 
mode functions are related by 



N[ n) = 



-N {n) /V (n) 

JV 1R ' iV 2 



-N, 



2L 



N, 



(«) 



2R 



(66) 
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The boundary conditions at z — 1/T in Eqs. (|6Tj) and (jS2]) give 



(») 



A, 



A< 



(n) 



2JV, 

A,' 



^-i(^ (n) )+/?rn 2 -i(^ j ) 



2JV} 



(n) 



(67) 
(68) 



where = m^/T. The elimination of A r -[ n ' ) and by multiplying Eq. (|67|) and Eq. (|68l) 
and the substitution of Z^ 7 ^ in Eq. (|65|) produce the final master equation: 



+ (x (n) ) = - 



A 



[X 



where l X ±± is defined by 



(69) 



(70) 



These master equations clearly show the relation of the Z 2 x Z' 2 parity and the large 
localized Higgs VEV as in the gauge boson case. When A„ is zero, the KK spectra of and 

are the same as in the previous section. As Ay — > oo the right-handed side of Eq. (jHEJ) 
should vanish, yielding 



Hi \Xv— »oo 



J, 



ci+1/21 



(«), 



(71) 



F Cl+1/2 (mW/T) F Cl _ 1/2 (mW/fc) ' 

where the second equality comes from Eq. (|65|). This is identical to the /3g ri ' > in Eq. (|45|) 
except for q. The KK mass spectrum of in the large A^ limit is the same as that of ^3 
without A„: mimics ^3. Similarly, the \l/ 2 mimics ^4. 

Figure EH shows the KK masses of ^1 and \I/ 2 as a function of A„. We present the numerical 
results for two cases, [c\ = 0.4, c 2 = —0.4] case and [c\ = 0.4, c 2 = 0.4] case. As the Yukawa 
term increases, the zero mode acquires non-zero mass mS Q >. For large A„, the becomes 
saturated as in the gauge boson case, since the KK mode become a mixed state of higher 
KK modes. Another interesting feature is that the first KK mode mass decreases as A^ 
increases, contrary to the bulk gauge boson case where rrv^ increases with a m (see Fig. 0]). 
The mass drop due to A^ is maximal when the two KK mass spectra were degenerate at 
X v = 0, e.g., [ci = 0.4, c 2 = —0.4] case. This KK mode degenerate case will leave dramatic 
signatures at high energy colliders: The KK modes of light quarks show doubly degenerate 
mass spectrum while the first KK mode of top quark can be considerably light. It is very 
feasible, therefore, that the first signal of KK fermions comes from the top quark mode 
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FIG. 6: KK mass spectra of bulk fermions \Pi(D and * 2 fl + ^) in unit of T as a 

function of Yukawa mass term X v . 

which alone possesses non-negligible Yukawa mass. The saturation of zero mode mass and 
the dropping of first excited KK mode mass are consistent with the existence of two light 
KK mode in the transition from to ^3 and ^2 to ^4 spectra for the A„ — > 00 limit. 



V. GAUGE COUPLING UNIVERSALITY 



In the previous sections, it is shown that the presence of the localized mass terms generates 
non-zero masses for the zero modes as well as modifying other higher KK mode masses. 
Another important influence of localized mass terms is on mode functions. Without localized 
mass terms, the zero mode functions of a bulk gauge boson (/^ ) and a ^i-type fermion 

1 



m 

J A 



(0) 

L{++) 



f kL' 
(kz)-' 



(72) 



(0) 
R(- 



0. 



where the tildes over mode functions emphasize the absence of boundary mass terms. The 
localized masses change these functional forms. Since our four- dimensional effective gauge 
coupling is obtained by convoluting mode functions of a gauge boson and two fermions, 
different changes of mode functions by different localized masses can deviate the SM relations 
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of gauge couplings. In what follows, we focus on a simple scenario where only the top quark 
Yukawa coupling is non-zero. If the 4D gauge coupling g is defined by the u-d-W coupling, 
the top-bottom- W coupling, gwtb, departs from g due to the deformed mode functions: The 
gauge coupling universality may be in danger. 

In the five dimensional RS theory, the changed current interaction of SU(2)l is 

Sec = J d A x J dz-^=q u (x, z)fV + (x, z)q d (x, z) + H.c, (73) 



where g$ is the dimensionless 5D gauge coupling, Q = {q u ,qd) T is a SU(2)l doublet. The 
q u (x,y) and qd(x,y) are type in Eq. (J3SJ), i.e., qw, and q d L have (++) parity. The five 
dimensional gauge coupling g 5 is related with four dimensional gauge coupling g by 

g = mJkdzf!,%Cf<». (74) 

If the localized gauge boson mass is absent so that f$ is constant, the fermion mode function 
normalization in Eq. guarantees the same gauge coupling strength, irrespective of the 
localized Yukawa coupling strength. Gauge coupling universality remains intact. 

As the localized gauge mass terms turn on, non-constant fffl leads to different relations 
between g and g 5 according to A„. We define the four-dimensional gauge coupling g by the 
W-u-d coupling with the up and down quark Yukawa couplings neglected: 

g = *jHzf$j$J&. (75) 

Substantial top quark Yukawa coupling X t changes the mode function fj^ and thus the W- 
t-b gauge coupling g wtb . Note that the assumption of A& = leads to fj^ = 0, eliminating 
anomalous right-handed Wtb coupling. The degree of gauge coupling universality violation 
is defined by 

f w,f(°) f(°) f(°) 

9w,b — j^cm ( ' 

For the numerical evaluation of 5gwtb, let us discuss the model parameters. First we have 
the effective electroweak scale T. Since the up and down quarks in a given SU{2) L doublet 
should shared the same bulk Dirac mass, we have two bulk Dirac mass parameter for the 
first and third generation, denoted by c and q. Non-zero a m and At are traded with the 
observed mw and m top . In summary, the following three parameters determine 6 gwtb'- 

T, c, ct. (77) 
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FIG. 7: The degree of the gauge coupling non-universality, defined by Sgwtb = 9wtb/g — 1, as a 
function of T for various combinations of c and q. 

Figure [7| shows the Sgwtb as a function of T. It can be easily seen that the deviation 
decreases with increasing t, and is negligible unless c is not too different from c±. In particular, 
the c — c t case practically preserves the gauge coupling universality. However, if |c — c t \ 
becomes substantial (e.g., [c = —c t = 0.4] case), the deviation can be a few percent for 
T ~ 1.5TeV. Concerning the KK mass spectra, the c « — q case allows substantially light 
KK mass of the first KK mode as A„ increases. On the contrary, the c ~ c$ case implies almost 
negligible Sgwtb even for relative light T whose KK mass spectra are quite different for 
and ^2- In conclusions, the parameter space which guarantees gauge coupling universality 
has the KK mass spectrum which is similar with the KK masses without Yukawa terms. 

Even though the violation of gauge coupling unification is, if any, a breakthrough in 
particle physics, its magnitude with T around a few TeV is below a few percent. At a hadron 
collider like LHC, it is too small to detect. If its correlation with other physical observable 
such as KK masses is strong enough, it can be a valuable information. Restricting ourselves 
to the KK mode degenerate case (i.e., c q i = —c q R), we plot the correlation between Sgwtb 
and the mass difference of the first KK modes of light quark and top quark in unit of 
their mass sum in Fig. |HJ The effective electroweak scale T is fixed to be 2 TeV, while the 
parameter space of c and ct in [—0.4, 0.4] are all scanned. The parameters X v and a m are 
determined by the SM top quark and W boson mass, respectively. As can be seen in Fig. |S1 
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FIG. 8: In the KK mode degenerate case, we plot the correlation between the 5g\y t b = 9wtb/g — 
1 and the mass difference of the first KK modes of light quark and top quark. The effective 
electroweak scale T is fixed to be 2 TeV, and c, ct £ [—0.4, 0.4]. 

we do have quite significant correlation. In the parameter space where the first KK mode 
of top quark is lighter than that of light quarks, Sgwtb is negative. 

VI. CONCLUSION 

We have studied master equations for the Kaluza-Klein (KK) masses of a bulk gauge 
boson and a bulk fermion in a five- dimensional (5D) warped space compactified on a S ,1 /Z 2 x 
Z' 2 orbifold. These master equations accommodate the general case with the brane-localized 
and bulk mass terms. Comprehensive understanding for the KK mass spectra and their 
behavior is crucial to verify and discriminate the Higgsless model from the ADMS model. 

After presenting master equations for the bulk gauge boson, it is explicitly shown that 
the Neumann boundary condition (for Z2-even parity) in the limit of large localized mass 
is equivalent to the Dirichlet boundary condition (for Z 2 -odd parity). This correspondence 
relates among KK mass spectra of gauge bosons with different Z 2 x Z 2 parities. A bulk gauge 
boson with (++) parity and very large localized mass on the UV brane (denoted by a uv ) 
has the same KK mass spectrum with a ( — h) bulk gauge boson without any localized mass. 
In brief, the (++) gauge field in the large a uv limit mimics ( — h) gauge field. Similarly, 
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a (++) bulk gauge boson in the large a m limit mimics a (H — ) bulk gauge boson without 
any localized mass. This implies that the ADMS model in the large limit of the Higgs VEV 
can be related to the Higgsless model. Thus we can understand why one cannot avoid TeV- 
scaled KK states even in the case of infinite VEV of the localized Higgs boson(s). This is a 
generic property of the gauge theory in the truncated AdS space with TeV- valued boundary. 
Through numerical calculations, we have presented the KK masses of a bulk gauge boson 
for various Z2 x Z' 2 parities. The first KK mode with (H — ) parity is shown to be remarkably 
light with mass of order 100 GeV. The a IR -dependence of the KK masses for (++) parity is 
also presented: With increasing a IR , not only does the zero mode KK mass acquire non-zero 
mass, but the first KK mass also increase. We have also shown that the method of a uv to 
raise the zero mode mass is different: As soon as the a uv above ~ 10 -15 , the zero mode 
mass jumps to the TeV scale. 

We have extended this discussion to the bulk fermion case. A bulk fermion on a 5 ,1 /Z 2 x Z' 2 
orbifold has four different boundary parities: The parity of the left-handed chiral fermion 

can be (++), (H — ), ( — h), and ( ), while the parity of the corresponding right-handed 

fermion is opposite. First we have considered a simple case without any localized mass term. 
Through numerical calculations, it was shown that the first KK mode mass of ^3 D 
and \l/4 D ^ 4L + ^ is substantially light for C3 > 0.5 and C4 < —0.5, respectively. In order to 
explain the SM fermion masses, we have introduced the brane localized Yukawa coupling 
between vE^ D and ^2 ^ ^^r^- F rom the coupled boundary conditions, the final 

master equations are derived for the KK masses of bulk fermions. Similar correspondence 
between the Z2 x Z' 2 parity and the large localized Yukawa coupling is also shown: The 
($2) as A t , — > 00 mimics the ^3 (^4) with A„ = 0. Another interesting feature is that the 
first KK mode mass decreases with increasing Yukawa coupling. In the future collider, the 
top quark KK mode is one of the first candidates to be detected. 

Finally we have investigated the violation of gauge coupling universality, Sgwtb, in a 
simple scenario where only the top quark Yukawa coupling is considered. This occurs as the 
non-zero localized masses deviate mode functions. Numerical calculation shows, however, 
that the violation degree is not severe in mode parameter space. Restricted in the KK mode 
degenerate case, we have demonstrated quite significant correlation between Sgwtb and the 
first KK mass of top quark with respect to light quark KK mass. 
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